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Abstract. In this paper, after giving a criterion for a Noetherian local ring to 
be quasi-Gorenstein, we obtain some sufficient conditions for a quasi-Gorenstein 
ring to be Gorenstein. In the course, we provide a slight generalization of a 
theorem of Evans and Griffith. 



1. Introduction 

Let i? be a Noetherian local ring with maximal ideal m and residue field k. 
Throughout, we use E^ik) to denote the injective hull of k. Also, for a non- 
negative integer j, we use H^{R) to denote the i-th local cohomology module of 
R with respect to m. Following P], we say that i? is a quasi-Gorenstein ring if 
H^™^{R) = Eji{k). In this paper, we investigate quasi-Gorenstein rings in terms 
of linkage. By the concept of linkage, we mean the complete intersection linkage. 
More precisely, for ideals / and J, we say that / is linked to J (written / ~ J) 
if there is an i?-sequence xi, . . . ,Xn in I H J such that / — (xi, . . . , a;„) : J and 
J = (xi, . . . ,a;„) : /. 

To begin, using Cohen's structure theorem in conjunction with the linkage theory, 
we provide a criterion which shows that the ring R is quasi-Gorenstein if and only if 
i?, the tn-adic completion of R, is a certain specialization of a Gorenstein local ring. 
This enables us to compare (in 2.4) the Gorenstein loci and the Cohen-Macaulay 
loci of a quasi-Gorenstein ring. The question asking when a quasi-Gorenstein ring 
is Gorenstein constitutes a lot of interests. In this direction, we use the above 
mentioned criterion to establish the results 2.5 and 2.7 which provide some sufficient 
conditions under which a quasi-Gorenstein ring is Gorenstein. Finally, using 2.7 
and a theorem of Serre, we provide a slight generalization of a theorem of Evans 
and Griffith concerning the problem to know when the residue class ring of a height 
two prime ideal of a certain regular local ring is complete intersection. 
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2. The Results 

It is a basic fact that quasi-Gorenstein rings satisfy Serre's condition 5*2. Al- 
though this fact has already been proved, but, for the reader's convenience, in the 
following lemma, we provide a different proof by using local cohomology tools. Fol- 
lowing 0, we say that a proper ideal / in a Noetherian ring is unmixed if the 
heights of its prime divisors are all equal. 

Lemma 2.1. Every quasi-Gorenstein ring satisfies 82- In particular, its zero ideal 
is unmixed. 

Proof. Let (i?, m, k) be a quasi-Gorenstein ring of dimension n. To prove that 
R satisfies S2, without loss of generality, we can assume that R is complete (cf. 
[3l 2.1.16]); so that, by Cohen's structure theorem, there exists a regular local 
ring S of dimension n' such that R = S/I for some ideal / of S. Now, by Lo- 
cal Duality Theorem (cf. [1 11.2.6]) and d 1.2.4], R 9^ RorRR{ER{k), ER{k)) ^ 
RomR{H^{R),ER{k)) ^ Ext^'-"(i?, S") ^ lloms/(^){R,S/{x)), where a; is a maxi- 
mal S'-sequence in /. Using this in conjunction with [3i 1.4.19], one can deduce that 
R satisfies 5*2. Now, for a prime divisor p of R, we have = depthi?p > min(2, htp); 
hence the final statement holds. □ 

In [4| 5.2], Buchsbaum and Eisenbud established relations, under certain con- 
ditions, between almost complete intersection ideals and Gorenstein ideals. Then, 
Schenzel, in |10| . improved the above result by establishing a duality between al- 
most complete intersection ideals and quasi-Gorenstein ideals. The next proposi- 
tion, which is related to the above mentioned result, shows that one can characterize 
quasi-Gorenstein rings by using the concept of linkage. 

In the proof of the next proposition, for a local ring {R, m) , we use R to denote 
the m-adic completion of R. 

Proposition 2.2. Let S be a Gorenstein local ring and I be an ideal of S of height 
zero. Then S/I is quasi-Gorenstein if and only if I ^ Sx for some x G S*. 

Proof. {<=) Let R = S/I and assume that m is the maximal ideal of R and that n = 
dimi?. Then R = S/0 :s x Sx ~ :s I = IIom5(_R, S); so that, by Local Duality 
Theorem, ER{R/m) = llomR{R, ER{R/m)) RoiRR{}ioms{R, S), ER{R/m)) ^ 
II^{R). Therefore R is quasi-Gorenstein. 

(=>) Since, by 2.1, / is unmixed, it follows from [TTl 2.2] that I ^ (0 -.3 I). Therefore 
we have only to prove that (0 -.3 I) is a principal ideal. Using the hypothesis, we 
easily see that S/IS is also a quasi-Gorenstein ring. Thus, applying — (E)s S to the 
relation / ^ (0 :s /), one obtains the relation IS ~ (0 -.g IS). Therefore, by the 
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same arguments as in the proof of 2.1, we have S/IS ^ liomg{S / 1 S , S) ~ 
IS — (0 -.s I)S. Hence, by [H Exercise 8.3], (0 -.s I) is a principal ideal. □ 

Remark 2.3. It is straightforward to see that a Noetherian local ring (i?, m) is 
quasi-Gorenstein if and only if R is so. On the other hand, according to Cohen's 
structure theorem, R can be described as a residue class ring of a Gorenstein local 
ring with the same dimension. Therefore, 2.2 provides a criterion to justify whether 
a given Noetherian local ring is quasi-Gorenstein. 

The next corollary shows that, for a quasi-Gorenstein ring i?, the Gorenstein loci 
{Gor{R)) and the Cohen-Macaulay loci {CM{R)) coincide. 

In the course of this paper, for a finitely generated _R-module M, r{M) and n{M) 
will denote the type of M and the minimal number of generators of M, respectively. 

Corollary 2.4. Gor{R) — CM(R) whenever R is a quasi-Gorenstein ring. 

Proof. For a prime ideal p of R, one can use 8, Theorem 23.2(i) ] to choose a 
minimal prime q of the ideal pi? such that q D R = p. Then we notice that the 
ring Rq/\)Rq is of dimension 0; so that it is Cohen-Macaulay. This observation 
in conjunction with [3, 2.1.7 and 3.3.15] enables us to assume that R is complete. 
Hence, there are a Gorenstein local ring S and a zero height ideal I oi S such that 
R = S/I. Therefore, I ~ Sx for some x G S hy 2.2 . Now, in order to prove the 
assertion, it is enough to show that CM{R) C Gor{R). To this end, let p e CM{R) 
and suppose p' G Spec(S') is such that p' ^ / and that p is the image of p' under 
the natural homomorphism S — > R. Then, Rp = Spi/ISpi possesses the canonical 
module Homs^, (i?p, S'p/) which is isomorphic to :s^, ISp> = {Sx)pi. Hence, by [31 
3.3.11], r{Rp) — ^{{Sx)p') — 1. Therefore, Rp is a Cohen-Macaulay ring of type 1; 
so that Rp is Gorenstein. □ 

M. Hermann and N. V. Trung, in [B], present a Buchsbaum quasi-Gorenstein 
ring {R,m,k) with dimi? = 3 and H^{R) = fc © fc which is not Gorenstein. This 
example motives us to the following theorem. 

Theorem 2.5. Let {R,m) be a quasi-Gorenstein ring of dimension n and suppose 
that H^{R) = for all integer i with n/2 < i < n. Then R is Gorenstein. 

Proof. If n < 2, then, by 2.1, R is Cohen-Macaulay; hence it is Gorenstein in 
view of 2.4. Thus, we may suppose that n > 3. Since R is faithfully flat over 
R, we have H^^~{R) = if and only if H^{R) = 0. Therefore, in view of 2.3, 
we may further assume that there are a Gorenstein local ring (5, n) and a zero 
height ideal / of S* such that R = S/I. By 2.2, / is linked to an ideal Sx for some 
x G S. Therefore, the assumption HI^^S/I) = for all n — (n — [2^]) < i < n 
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in conjunction with |1H 4.1] implies that S/Sx satisfies Serre's condition Sn-[^]- 
Now, the apphcation of local cohomology with respect to n to the exact sequence 

— y S/I ^ S — > S/Sx — > shows that Hl{S/I) = for aU i < n - [§] + 1. 
Therefore, Hl{S/I) = for all i < n. Hence R is Cohen-Macaulay; so that, in 
view of 2.4, it is Gorenstein. □ 

Remark 2.6. The conclusion of the above theorem fails if one of the vanishing 
conditions H^{R) = (n/2 < i < n) is dropped. For example, by [6, 2.2], for given 
integers n > 5 and [j] < j < there exists a non-Gorenstein quasi-Gorenstein 
ring R of dimension n such that H^{R) — for all integers i with n/2 < i < n and 

An ideal J in a local Cohen-Macaulay ring is called an almost complete intersec- 
tion ideal if = ht/ + 1. Evans and Griffith, in 5, 2.1], proved, over a certain 
regular local ring, that an unmixed almost complete intersection ideal of height two 
is Cohen-Macaulay. In this manner we prove the following. 

Theorem 2.7. Let S be a local ring and suppose that I is an ideal of S such that 
S/I is quasi-Gorenstein and that one of the following two conditions holds. 

(i) S is Gorenstein and I is almost complete intersection. 

(ii) S is regular containing a field and I is of height two. 

Then S/I is Gorenstein. 

Proof. Assume (i) holds. Considering a maximal S'-sequence which constitutes a 
part of a minimal generating set of / and passing to the residue class ring, we can 
assume that I — Sy for some y £ 5 and that the height of / is zero. Then, by 2.2, 

1 ^ Sx for some x ^ S. Therefore, we have an exact sequence — > S/I S 

S S — > • • • , which implies that S/I is an i-th module of syzygy for all i > 0. 
Thus S/I is Cohen-Macaulay; so that it is Gorenstein by 2.4. 
Now, assume (ii) holds. One may consider a maximal S'-sequence in /, pass to the 
residue class ring and use 2.2 to construct an ideal J of height 2 which is generated 
by three elements such that I ^ J. It now follows from 5, 2.1] that S/J is Cohen- 
Macaulay. Hence, by P 2.1], S/I is Cohen-Macaulay. Therefore, by 2.4, S/I is 
Gorenstein. □ 

Rem,ark 2.8. In '7', 1.1], Kunz, essentially, proved that an almost complete inter- 
section ring is not quasi-Gorenstein. Then, as a corollary, he pointed out that an 
almost complete intersection ring is not Gorenstein. Conversely, one can employ 
2.7(i), in the case where S is regular, to show that the above mentioned corollary 
would imply [7, 1.1]. 
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As an application of the syzygy theorem, Evans and Griffith, in [5l 2.2], proved, 
over a regular local ring R which contains a field, that the residue class ring of a 
height two prime ideal p is complete intersection whenever Ext^(i?/p, i?) is prin- 
cipal. (Note that this last condition is sufficient for R/p to be quasi-Gorenstein.) 
The following corollary is a slight generalization of this result. 

The result [l2l Proposition 5] of Serre, which indicates that a height two Goren- 
stein ideal of a regular local ring is complete intersection, in conjunction with 2.7(ii) 
leads immediately us to the following corollary. 

Corollary 2.9. Let S be a regular local ring containing a field and suppose that 
I is an ideal of height two such that S/I is quasi-Gorenstein. Then I is complete 
intersection. 
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